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f^ , Abstract 

CN ■ 

We give an explicit construction of a large subset 5 C F", where F is a finite field, that has 
j^ I small intersection with any affine variety of fixed dimension and bounded degree. Our con- 

^j ■ struction generalizes a recent result of Dvir and Lovett (STOC 20f 2) who considered varieties 

^^ ' of degree one (that is, affine subspaces). 

o: 

(N; 

I — r 1 Introduction 

u: 

>-/ . In this work we consider subsets of F", where F is a finite field. We will be interested in con- 

^ [ structing large subsets of F" that have small intersection with any fc-dimensional affine variety 

I— !■ of bounded 'complexity'. Our measure of complexity here will just be the degree of the variety. 

^^ . We call such sets variety evasive sets. One can show, using the probabilistic method, that a large 

^ I random set will have small intersection (small here means independent of the field size) with any 

CN ' /c-dimensional variety of bounded degree (see Section [7| for the probabilistic bound). We give 

51/ . an explicit construction of such a set and provide quantitative bounds on the intersection with 

t:j- [ varieties of sufficiently small degree. By 'explicit' here we mean that there is an efficient algorithm 

^f^ ' that outputs elements in the set, given an index, in a one-to-one manner. 

^^ I Our work builds on an earlier work by a subset of the authors [DL12J in which such a con- 

,-_i ■ struction was given for varieties of degree one - affine subspaces. The original motivation for the 

l^ . work done in |DL12] was an improvement to the list-decoding algorithm of Guruswami-Rudra 

codes |GR081 IGurll] . We are not aware of any applications of variety evasive sets but hope that 

these will indeed prove useful in the future. 

Our starting point is a new, more direct, proof of the main theorem of |DL12j . The new proof 
technique allows us to generalize the result to higher degree varieties. The new proof uses a lemma 
on Laurent series solutions (Lemma 13. ip which was implicitly used in earlier works dealing with 
explicit constructions of graphs with pseudo-random properties |KRS96j . 

The main ingredient in our construction is a theorem (Theorem 12. ip that gives an explicit 
set of k polynomials fi, . . . , fk £ F[xi, . . . , x„] such that the variety that they define (over the 
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algebraic closure of F) has zero dimensional intersection with any /c-dimensional variety of degree 
at most d. The degrees of these k polynomials depend on both the degree parameter d and the 
number of variables n. The result for finite fields follows by showing that these polynomials have 
a large (and easy to describe) set of common solutions over the finite field F. 

Organization: In Section [2] we work over the algebraic closure of F and show how to construct 
the polynomials /i,...,/^ discussed above. Section [3] contains the proof of the main lemma 
regarding Laurent series solutions as well as another useful lemma on projections of varieties. 
The two main theorems of Section [2l Theorem 12.11 and Theorem 12.21 are proved in Sections H] 
and [5l In Section [6] we go back to the original problem and discuss the zero-set of fi, ■ ■ ■ , fk 
over the finite field F. In Section [7] we compare our explicit construction to that obtained by a 
random construction. Finally, in Section [8] we discuss some connections between our work and a 
conjecture of Griffiths and Harris. 

2 Variety Evasive Sets in The Algebraic Closure 

Let F be a field and F its algebraic closure. Given k polynomials fi, ■ ■ ■ , fk G F[xi, . . . , x„], we 
denote the variety they define as 

V(/i, . . . , fk) := {x G r 1 /i(x) = . . . = /fc(x) = 0}. 

We will use the following definition: A k x n matrix (where A; < n) is k-regular if all its A; x A; 
minors are regular (i.e have non-zero determinant). For example, if F is a field with at least n 
distinct nonzero elements 71, ... ,7^ then the Vandermonde matrix Aij = 7^ is A;-regular. 

The following theorem is the heart of our construction and is proved in Section HI 

Theorem 2.1. Let 1 < k < n and d > 1 be integers and let ¥ be a field. Let A be a k x n matrix 
with coefficients in F which is k-regular. Let di > d2 > . . . > dn > d be pairwise relatively prime 
integers. Let the polynomials fi, ■ ■ ■ , fk G F[xi, . . . , Xn] be defined as follows: 



Ji[Xl, ■ ■ ■ , Xn) '■ — / ^ ^i,i ' "^j 

Let U = V(/i,...,/fc) C F denote the variety defined by these polynomials. Then, for every 
affine variety V (l¥ of dimension k and degree at most d, the variety V r\U has dimension zero. 
In particular, 



\V ^U\ < d -J^di. 



i=l 



Choosing di, . . . ,dn in Theorem 12. II to be the first n prime numbers larger than d, we get that 
di < c{d + n) log{d + n) for an absolute constant c > and hence 

\VnU\<d- {c{d + n) log{d + n))^ <{d + nf'^'^l (1) 



This bound is quite effective when the degree d is comparable to the number of variables n. In 
some scenarios it is useful to obtain better bounds when d <^ n. This is achieved by the following 
construction. Fix m > k such that m divides n. Let U C ¥ be the variety constructed by 
Theorem 12.11 in dimension m. We show that the (n/r?T,)-Cartesian product JJ"''"^ has a bound on 

— n 

its intersection with any variety ^ C F of dimension k and degree d, and this bound depends 
just on m and not on n. Recall that if [/ C F is a variety then its (n/?n,)-Cartesian product 
jjn/m (^ ]p is the variety given by 

jjn/m ^ ^^ ^f^ . (^xi,...,Xm) £ U, {Xm+1, ■ ■ ■ , X2m) S U, . . . , {Xn-m+1, ■ ■ ■ , Xn) G U}. 

We prove the next theorem in Section [5l 

Theorem 2.2. Let k,d > 1 be integers and let ¥ be a field. Let m > k be an integer such that 
m divides n. Let A be a k x m matrix with coefficients in F which is k-regular. Let di > d2 > 
. . . > dm > d be pairwise relatively prime integers. Let the polynomials fi, . . . , fk G F[xi, . . . , Xm] 
be defined as follows: 

m 

di 



JiyXl, • • • ) X-m) ■ — / ^ -^hP ' ■^ 



'3 

3 ■ -^j 



Let U = V(/i, . . . , fk) C ¥ be the variety defined by these polynomials. Then, for every affine 
variety V c¥ of dimension k and degree at most d, 



l^pf^n/mj <(ifc+l.(]^di)^ 



j=l 



In particular, if we fix some e > 0, set m = [k/e\ and let di, . . . ,dm be the first k primes 
following d then JJ"-/"^ has dimension at least (1 — e)n and 

|yn[/"/™| < (d + m)^^^'). (2) 

We do not know if the bound on | y n ^"■Z™- 1 achieved by Theorem 12.21 can be improved to 
match that of \V n U\ established in Theorem 12.21 Our current analysis only imply a weaker 
bound. We note that when d = 1 it was shown in [DL12J that in fact \V (1 U"''"^\ < m^ . We 
suspect that for general d, the bound in Theorem l2.2l can be improved to |yn[/'^/"^| < (d+m)'^^^' . 

3 Two Lemmas 

3.1 A lemma on Laurent series solutions 

A Laurent series in the variable T is a formal expression of the form 

oo 

h{T)= Y.b,-T^ 

j=-r 



That is, a formal power series in T that has a finite number of negative powers. The set of formal 
Laurent series in variable T and coefficients from F will be denoted by F{{T}}. If /(xi, . . . , x„) is 
a polynomial with coefficients in F and hi, . . . ,hn € F{{T}}, we say that / vanishes on hi, ... ,hn 
if /(/ii(T), . . . , hn{T)) is the zero element of F{{T}}. Notice that, in the evaluated polynomial, 
each coefficient of T is a function of a finite number of coefficients in the /ij's and so the output is 
a well defined Laurent series. We say that h{T) has a pole if there is at least one negative power 
of T appearing in it with a non-zero coefficient. 

The following lemma states that every affine variety of dimension at least one has a solution 
in Laurent series such that at least one coordinate has a pole. It was originally used in JKRS96] 
(Remark 1) but was not stated there explicitly. The proof will use basic notions and results from 
the theory of algebraic curves. All of the results we will use can be found in the first two chapters 
of |Sha94j . 

Lemma 3.1. Let V c¥ be an affine variety of dimension k > 1 and let I{V) C F[xi, . . . ,x„] 
be the ideal of polynomials that vanish on V. Then there exists hi{T), . . . ,hn(T) G F{{T}} such 
that, for all f G I{V), f vanishes on hi, . . . ,hn. In addition, at least one of the hi 's has a pole. 

Proof. We follow the argument given in |KRS96t Remark 1]. Let C C y be an irreducible curve 
contained in V and let I{C) be its ideal so that I{V) C I{C). Consider the embedding of F into 
projective space PF by adding a new coordinate xq (so that F is identified with the set xq = 1). 
Let C be the projective closure of C in PF . Since a curve and a hyperplane always intersect 
in projective space, we have that C contains a point Pq with xq = (i.e., a point at infinity). 
We would like to work with power series solutions at Pq but this is problematic since Pq might 
be singular. To remedy this, we use the fact that there always exists a non-singular irreducible 
projective curve C and a surjective morphism cj) : C i-^ C . Let Qq G C" be a (non-singular) point 
such that 4>{Qq) = -Pq- Let Oq^ be the local ring of Qq and ^A.Q^ C Oqq its maximal ideal. Since 
is a morphism, its coordinates can be written locally as n-|- 1 functions 0o, • • • , 0n G ^Qo- Since 
Qo is non-singular, there is an injective ring homomorphism r mapping Oq^ to the ring F[[r]] 
of formal power series in T in such a way that Mqq maps into the maximal ideal Iq C F[[r]] 
containing all power series that are divisible by T (i.e., those that have a zero constant term). 
Define, for each < i < n + 1 the power series gi{T) = T{(j)i) corresponding to (pi. 

Notice that, since the O'th coordinate of Pq is zero, we have that (j)o G M.Qq and so gQ{T) has 
a zero constant term. Also, since Pq has at least one non zero coordinate, there is some gi{T) 
with a non- zero constant term. Consider the formal Laurent series hi{T) = gi{T)/gQ[T), where 
i G [n]. From the above comments on the constant terms in the giS we get that some hi has a 
pole. We now show that the /ij's satisfy the consequence of the lemma. Let / G I{C) and let 
/ G F[xo, . . . , Xn] be its homogenization defined as 

/(xo,...,xi) = xf^^^' ■ /(xi/xo,...,x„/xo). 

Since / vanishes on C we have the identity f{(j)o, . . . ,(j)n) = over the ring Oqq. This implies 
that f{go{T), . . . ,gn{T)) = as a formal power series identity. Dividing by (70(2^)*^'^^ we get 
that f{hi{T), . . . , hn{T)) = 0. This completes the proof. D 



Remark 3.2. Even if V is defined over F, the coefficients of the Laurent series solutions given 
by the lemma are generally not going to be in ¥ but only in the algebraic closure F. 

Remark 3.3. The fact that one of the Laurent series has a pole is what makes this lemma so 
useful (as we shall see in the proof of Theorem \2.1\) . This pole allows us to work only with the 
leading terms of the series instead of having to analyze higher order terms (as we would have to 
do with power series solutions). The basic fact we will use is that, if h{T) has a pole of order r 
then h{TY has a pole of order rd for every d>l. 

3.2 A lemma on projections of varieties 

Lemma 3.4. Let V <z¥ be an affine variety of dimension k < n and degree d. Then, for every 
set J C [n] of size k + 1 there exists a polynomial f G ¥[xj, j G J] (i.e., a polynomial that depends 
only on variables indexed by J) with degree at most d such that f G L(V). Moreover, if V is 
defined over a subfield F then the coefficients of f can be chosen to be in the same subfield. 

Proof. We can assume w.l.o.g that V is irreducible (otherwise apply the theorem on each of the 
components). We now proceed by induction on n (the base case n = 2 is trivial). If F is a 
hyper-surface then its degree is equal to the degree of its defining polynomial and so we are done. 
If A; < n — 1 we take a projection of V on some n — 1 coordinates containing J. The projection 
is, in general, not an affine variety. However, one can show that the projection is always an open 
set of one (that is, an affine variety minus some proper sub- variety) |Sha94| . Consider the Zariski 
closure of the projection. This is a variety of dimension at most k and degree at most d (See 
|Hei831 Lemma 2] for an elementary proof and also [Sha94l Sec IV. 1, Ex.5]). Thus, using the 
inductive hypothesis, there exists a polynomial / with the required properties. 

To prove the moreover part, notice that the ideal / of y is generated by a finite number of 
polynomials gi, . . . ,gt with coefficients in F. We have shown that there exists an / G F[xj, j G J]n 
/ of degree at most d. This means that there exist polynomials hi, . . . ,ht such that / = ^^ hi- gi. 
Consider the linear map H sending a t-tuple of polynomials hi,...,ht to their combinations 
^^ hi ■ gi. This linear map is defined over F since the coefficients of gi, . . . ,gt are in F. We know 
that the image of H contains an element in ¥[xj, j G J] and so, since it is defined over F, it must 
also contain an element with entries in F. D 



4 Proof of Theorem 12.11 

Let V C ¥ be an affine variety of dimension k and degree d and consider the intersection of V 
and U = V(/i, . . . , fk). le we know that V nU has dimension zero, the bound on the size \V n U\ 
will follow from the affine Bezout inequality. Specifically, since applying invertible row operations 
on a the matrix A in the construction does not affect the variety V(/i, . . . , fk), we can assume 
w.l.o.g that the first k columns of A form an upper triangular square matrix. Thus deg(/j) = di 
for all i G [k]. Applying the affine Bezout's inequality we get that the degree of the intersection 
y n [/ is at most the product of the degree of V and the degree of C/ = V(/i, . . . , f^) which is 



(again by Bezout) a most di ■ . . . ■ dk- A variety of dimension zero and degree D has at most D 
points. 

We now tm'n to showing that V OU has dimension zero. Assume by contradiction that its 
dimension is at least 1. Then, by Lemma 13.11 there exist Laurent series /ii(T), . . . , /i„(T) G 
F{{T}}, one of which has a pole, such that 

1. All polynomials in I{V) vanish on hi, ... , hn, 

2. /i, • • • , fk vanish on hi,..., hn- 

Consider the second item and write the k identities 

n 

Y,Aij-h,iTy^ =0, ie[k]. 
i=i 

Let R denote the largest integer so that T~^ appears with non zero coefficient in one of the 
Laurent series hj{T)'^^ , j € [n]. Since at least one hj has a pole we know that R is positive. 
Since A is regular we conclude that the term T~^ has to appear with non zero coefficient in at 
least /c + 1 of the Laurent series hj{T) \ j G [n]. To see why, notice that the minimal (negative) 
power of T has to cancel in all k equations and so, if there were less than k + 1 places where T~^ 
appears, we would get a non zero linear combination of at most k columns of A that vanishes, 
contradicting the regularity of A. Let J C [n] denote the set of j's such that hj{T)'^^ has a non 
zero coefficient of T~ . For each j G J, let Vj be the largest integer such that T"'"-' has a non 
zero coefficient in hj (T) . From the maximality of R we get that R = rj ■ dj for all j € J. 

Write J = {ji, . . . , jfc+i} (if J is larger than k + 1 we take some subset of J of this size). 
We now use item (1) above, namely that hi,. . . ,hn satisfy the equations of V, together with 
Lemma [331 to conclude that there exists a polynomial g{Zi, . . . , Z^+i) in A; + 1 variables and of 
degree at most d such that 

5(/i,,(r),...,/i,,^^(T)) = 0. (3) 

Each monomial in g is of the form Z"^ • • • • , '^k+i^ with ^^ Oj < d. We identify each monomial 
with the vector of non-negative integers ai, . . . , Ok+i- Consider the smallest (negative) power of T 
that appears in one of the monomials of 5 after the substitution Zj = hj.{T). This power of T must 
appear in at least two distinct monomials (otherwise it will not cancel). Let a = {ai, . . . ,afc+i) 
and (3 = (/3i, . . . , (3k+i) be two such monomials. Thus, we have the equality 

Yl "i-'^i. = Yl ^'-"^j'- (^) 

ie[k+l] ig[fc+l] 

Let i^ = Hi dji and observe that rj. = R/dj. for each i € [fc + 1]. Now, multiply Eq.([l]) by D/R 
and obtain the equality 

Y, a,-{D/d,J= Y, fii-{D/d,^). (5) 

JG[fc+l] ie[k+l] 

Taking this equality modulo dj^ we get 

ai ■ {D /dj^ ) = /3i • {D /dj-^ ) mod dj^ . 



Since D /dj^ is co-prime to dj^ we can cancel it from both sides and get 

a\ = Pi mod dj^ . 

Now, since both ai and /3i are at most d < dj^ we get the equahty ai = /3i. Repeating this 
argument for all i G [A; + 1] we get a = (3 which contradicts our assumption. This completes the 
proof of Theorem 12.11 

5 Proof of Theorem [22] 

Let m divide n and let U = V(/i, . . . , /fc) C F given by Theorem 12.21 Let V <z¥ be a variety 
of dimension dim(l/) < k and degree deg(y) < d. We will show that 



\v n [/"/"! < deg(y)<^™(^)+i • (J|d 



dim{V) 



We will prove the bound by induction on the number of buckets n/m. We note that the base case 
n = m was established (with a better bound) in Theorem 12.11 Hence, we assume n > 2m. 

Moreover, we note that it suffices to prove the bound when V is irreducible. Otherwise, let 
V = Vi U . . . U Vt he the decomposition of V to irreducible components. If we establish the 
bound for each component Vi, . . . ,Vt individually, then since X]j=i '^^s(^i) = deg(y) < d and 
dim(Vi) < dim(y) < k we obtain that 

~C rZ nu t\i 

\v n [/"/"^l < ^ |Fi n [/'^/'"l < ^ deg{Vif+^ ■ (Jl djf < d^+^ ■ (Jl djf. 

i=l i=l jf=l j=l 

Hence, we assume from now on that V is irreducible (however, by the above claim by can apply 
the result inductively to reducible varieties as well). 

Let tt{V) denote the projection of V to the first m coordinates, 

7r(y) = {(xi,...,x„):xEy}cF'". 

Notice that we already know that 7r(y nC/"'™") is finite (this follows from Theorem l2.ip . Our task 
is to show that the size is smaller than what you would get with a careless application of that 
Theorem. For each a £ vr(y), let ip{V, a) denote the fiber of V over a, 

ip{V,a) = {{Xm+l,---,Xn) : X £V,Xi= ai,...,Xm = am} C F" "". 

We will apply the identity 

|ynt/"/'"|= Yl lv'(^,a)nC/("/"*)-^|. (6) 

a£n{V)nU 

As in Lemma 13.41 the projection tt{V) is in general not an affine variety, but is an open 
subset of an affine variety. Let 7r(y) denote its Zariski closure. We note that niV) has degree 



at most d as discussed in Lemma |3.4[ We further note that the fibers <p{V,a) are affine varieties 
of degree at most d because they are the intersection of V with the degree-one variety given by 

Xi — fli , . . . , Xjji — 0.m- 

Consider first that case that 7r(y) is zero dimensional, hence finite. Since we assume V is 
irreducible we must have that |'/r(l^)| = 1. That is, V = {a} x (p(y,a) for some a G F . The 
bound on |1/ n U'^'"^\ then follows immediately by induction, since 

|yn [/"/"! < |99(y,a)n?7"/'"-i| 

and ip{V,a) has the same dimension and degree as that of V. So, assume i = dim(7r(y)) > 1. By 
Theorem 12. II we know that 

k 

\TT{v)nu\<\MV)nu\<d-Y[di. (7) 

In fact, one can obtain the improved bound |vr(y) n C/| < d ■ Y\i=idi, however this will only 
obtain a marginal improvement in the overall bound, so we avoid it. Consider a fiber (p{V, a) for 
a G 7r(y) n U. We claim that 

dim{ip{V,a)) < dim(y) - 1. 

Otherwise, {a} x ip{V, a) is an affine variety contained in V and with the same dimension as that 
of V. Since by assumption V is irreducible this implies that V = {a} x ifiV, a). In particular, the 
dimension of tt{V) is zero, which we assumed is not the case. Hence, dim(c/?(y, a)) < dim(y) — 1 
and we have by induction that 

k 

\^iV,a) n [/«/"-! I < d'^MV)^! . (-|-|-^.)dim{V)-l^ (8) 

1=1 
The bound on |1/ n [/"/'" | now follows immediately from ([6|), ^ and ([8]). 

6 Variety Evasive Sets in Finite Fields 

Using the construction given in Section [2l Theorem 12.11 and Theorem 12.21 we can construct large 
finite sets in F", where F is a finite field, that have small intersections with any variety of bounded 
dimension and degree (where now we think of the variety as a subset of F"). Of course, this would 
follow by showing that the variety V(/i, . . . , f^) defined over the algebraic closure of F has many 
points in F". This argument is essentially identical to the one given in [DL12J (the construction 
is the same, only with weaker constraints on the exponents di) and so we will only sketch it here. 
Another topic of interest in application is the explicitness of the finite set obtained in F". There 
are several different notions of explicitness but the one obtained by our methods (as is the one 
in |DL12j ) satisfies a very strong definition of explicitness which we discuss below. We will only 
discuss the construction in Theorem 12.11 since the extension to the 'bucketing' construction of 
Theorem 12.21 follows easily. 



Suppose F is of size q. Let U = V(/i, . . . , fk) C F be the variety defined in Theorem 12.11 
and let U' = [/ n F". The most direct way to obtain large size and explicitness is to pick the 
exponents di, . . . ,dk (or any other set of k exponents) to be coprime to q — 1. For a carefuUy 
chosen F this added requirements wih not increase by much the total degree of the polynomials 
(see [DL12] for some exact computations). This choice will guarantee that (a) U' is large and (b) 
U' is explicit. To see both, notice that for every fixing of the last n — k variables (or indeed any 
other set of size n — A;) it is trivial to compute the unique setting of the first k variables so that 
the resulting point xi, . . . , j;„ is in V. This can be done by a single matrix inversion operation 
(over F) and k exponentiations. We use the fact that the map x i-^ x'^^ is invertible over F for all 
i (z [k\. This shows that, assuming the dj's are coprime to g — 1, V' has size q"~^ and that there 
is an efficiently computable mapping cj) : F"~ i— ;■ U' that is one-to-one (and the inverse is also 
efficiently computable). There is also a way to argue about the size of U' for general choice of 
exponents but this makes the explicitness of the construction less obvious (see |DL12j for details). 

We summarize the above argument in two immediate corollaries of Theorem 12.11 and Theo- 
rem O 

Corollary 6.1. Let 1 < k < n and d > 1 be integers and let ¥ be a field. Let di > d2 > ■ ■ ■ > 
dn > d be pairwise relatively prime integers, and assume that at least k of di, . . . ,dn are co-prime 
to |F| - 1. Let U cY"' be the variety defined by Theorem [2l[ and let [/' = [/ n F". Then 

\U'\ = |F|"-'', 

and for every affine variety y C F" of dimension k and degree at most d, 

k 



\v' r\U\ <d-J\di. 



i=l 

Corollary 6.2. Let k,d > 1 be integers, e > and let ¥ be a field. Let m > k/e be an integer 
such that m divides n. Let di > d2 > ■ ■ ■ > dm > d be pairwise relatively prime integers, and 
assume that at least k of di, . . . , dm are co-prime to |F| — 1. Let [/"/"^ c F be the variety defined 
by TheoremlKM and let U' = V/"" n F". Then 

Ijj'l — |]pjn(l-fc/m) ^ j]p|(l-e)n^ 

and for every affine variety V c¥^ of dimension k and degree at most d, 

k 



\v'nu\<d''+^-([[d^)''. 



i=l 



7 Comparison With a Random Construction 

We compare in this section the explicit results we obtained, with results than one can get from 
random constructions. In many scenarios random constructions obtain optimal or near optimal 
parameters, and these can be compared to the best results than one can obtain explicitly. For 



technical reasons, our discussion in this section wih be restricted to varieties that are defined over 
F. This is in contrast to our exphcit construction that works also for varieteis defined over an 
extension of F. The main technical difficulty with varieties defined not over F is in bounding their 
number (this number is finite since we are only interested in points in F"). 

We recall the parameters we obtained in Corollary 16.21 Let k denote the dimension, d the 
degree and n the number of variables, and let e > denote a small parameter. Choosing a finite 
field F appropriately, we gave an explicit construction of a subset 5 C F" of size \S\ > jFl^-*^"^)" 
such that for any affine variety ^ C F of degree d and dimension k, 

\snv\ <{d + k/ef^^^\ 

We compare in this section what parameters can one achieve, if S" C F" is chosen randomly 
of size |5| = IFI^^"*^)". We analyze this random construction when the dimension of the variety is 
small enough, k <C en. We note that our simple analysis for a random construction breaks when 
k ^ n, while our explicit construction still get bounds which are independent of the field size. 

Let Vn,d,k denote the family of varieties in F of degree d and dimension k that are defined 
over F. 

Lemma 7.1. Let n,d,k > l,e > be parameters, and assume that k < en/4. Let ¥ be a field 
large enough such that d < \¥\^. Let 5 C F" 6e a random subset of size \S\ = |Fp~'^'"'. Then with 
high probability over the choice of S, for all varieties V € Vn,d,k 

First, we need a bound on the number of points in F*^ in a variety V € Vn,d,k- 
Claim 7.2. Let V £ Vn,d,k- Then \Vn¥''\<d- |F|^. 

Proof. We prove the claim by induction of the number of variables, degree and dimension. It 
suffices to prove the claim for irreducible varieties, since ifV = DVi is the decomposition of V to 
irreducible varieties, then deg(y) = ^deg(Vi) and dim(Vi) < dim(y). So, we assume that V is 
irreducible. Let He := (xi = c) for c G F be a family of hyperplanes. If ^ C He for some c then 
the claim follows by induction on the number of variables. Otherwise let V^ := ^ n He- Then Vc 
has dimension k — 1 and degree < d. Hence 



|y n F"| < V iVc n f"| < |f| • dlFl^^^ = dm''. 

cGF 

D 

We next need a bound on the number of varieties in Vn,d,k- Recall that this set contains only 
varieties defined over the finite field F. 



Claim 7.3. \Vndk\ < iFr'^W'^'^')) 
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Proof. We first argue about irreducible varieties. Let V be an irreducible variety of degree d and 
dimension k. Assume w.l.o.g that xi, . . . ,Xk are algebraically independent over V. We first claim 
that there exist polynomials {/j(xi, . . . , Xk,Xk+i) : 1 < i < n — k} with coefficients in F of degree d, 
such that V is an irreducible component of C/ = {x G F : /i(x) = . . . = fn-k{x) = 0}. To see this, 
note that by Lemma [3.4l we can take fi to be the polynomial defined by projection to the variables 
xi, . . . , Xk,Xk+i- Since we assumed xi, . . . ,Xk are algebraically independent over V, we must have 
that fi depends on Xk+i- Let us decompose fi{xi,..., Xk,Xk+i) = Y^j=i fi,j{xi, ■■■,Xk) ■ x;[^., 
where 1 < di < d and fi^d^ is not identically zero. Let g{xi, . . . , x^) = YYi=i fi,di{xi, . . . , Xk), and 
let G = {x € F : g{x) = 0} be the hypersurface defined by g. We have by construction that U\G 
has dimension k. Moreover, we have that V \G has dimension k, since V is irreducible and is 
not contained in G. Thus, there exists a Zariski open subset of U of dimension k which contains 
a Zariski open subset of V. Since V is irreducible, this can only happend in V is an irreducible 
component of U. 

So, we obtain that there exist {n — k) polynomials of degree d m. k + 1 variables over F, such 
that the variety that they define have an irreducible component equal to V . Hence the number 
of distinct possibilities for V is bounded by 

To get the bound for general, not necessarily irreducible varieties, we need to sum over all possible 
decompositions of V into irreducible components of degree di + . . . + dr = d. Hence 



ivm,,i < Yl ll\^r^^^''"'^"'^U wr^'^^^'^'^^y 



D 



We now prove Lemma l7.ll 



Proof of Lemma pTiTj Let c > be a parameter to be fixed later. Let 5 C F" be a random subset 
of size |5| = iFp"*^)". We will show that with high probability over the choice of S, \S riV\ < c 
for all V G Vn,d,k- In order to show this, consider first a fixed variety V € Vn,d,k- By Claim [72] 
we know that \V fl F"| < d\¥\'', hence 

(W n F"l\ 
' 1 J [ip|-^n-c < (dlFl'^-^")^ < |F|-(^/2K^, 

by our choice of parameters. The number of distinct V G Vn,d,k is bounded by Claim 17.31 by at 
most IFJ"* where s = 0{d(^ ^ )). So, for c > 0{s/e) we get by the union bound that with high 
probability, jS" PI y| < c for all F € Vn,d,k- D 

8 Connection to a Conjecture of Griffiths and Harris 

Here we consider how Theorem 12.11 fits with various known results and conjectures about sub- 
varieties of complete intersections. 
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A hypersurface of degree d is a zero set of a polynomial of degree d; these form a vector space 
Vn^d- A claim holds for a very general hypersurface if it holds whenever the polynomial is outside 
a countable union of Zariski closed sub- varieties of Vn^d- According to a conjecture of |GH85] . 
if Xd C P" is a very general projective hypersurface of sufficiently high degree then for every 
sub-variety Z C X, the degree of X divides the degree of Z. The conjecture does not specify 
'sufficiently high degree', but the only known counter examples have d < 2n — 3. 

The conjecture is not known in general. For n = 3 this is the classical Noether-Lefschetz 
theorem. In higher dimensions only much weaker divisibility results are known using the method 
of |Kol92j and only some of these have been worked out explicitly. For instance, if X^ C P^ is 
a very general hypersurface and d = p^ for a prime p > 5 then p divides the degree of every 
subvariety Z C Xd- 

Note further that it is known that one definitely needs a countable union of Zariski closed 
subvarieties of Vn,d for the conjecture to hold, thus the general methods may not guarantee the 
existence of examples over countable fields. For a complete treatment see [Voi03[ Chap. Ill] and 
|Voi89j for further related results. 

Let us now assume the above conjecture and see what it would imply if we replace the con- 
struction of Theorem 12.11 with general complete intersections of the same degrees. Applying the 
conjecture to several hyper surf aces, we get that if di, . . . , d^ are pairwise relatively prime and 

Xd„...,d, ■■= Xd, n ■ ■ ■ n Xd, cP" 

is a very general complete intersection of sufficiently high degree then di- ■ ■ dk divides the degree 
of every subvariety Z C ^di,....(ij.. 

Let now y C P"' be any subvariety of degree < minjjdj}. Consider the sequence of intersections 

YDYnXd.DYn Xd,,d2 15 • • • D y n Xd,,...,d,. 

If the dimension drops at each step then Y n Xd^^.^.d^ is zero dimensional. Otherwise there is an 
index i such that Yi ■.= Y D X^j^...^^- has dimension k — i but -^^d^+i contains one of the irreducible 
components of Y^. We know that degl^ = degy ■ di- ■ ■ di and the degree of every irreducible 
component of Yij C Yi is divisible by di • • • dj. If Yij C Xd^^-, then its degree is also divisoble by 
dj+i. Thus 

deg Y ■ di---di = deg Yi > deg Yij > di • • • dj • dj+i, 

a contradiction. 

The bound deg Y < minjjdj} is optimal as shown by an intersection of X^. with a linear space 
of dimension k + 1. 

Let us note finally that |GH85j and related works consider projective varieties while the setting 
considered in Theorem 12.11 is affine. In fact, the projective closures of our constructions are 
very degenerate: their intersection with the hyperplane at infinity is a linear space (with high 
multiplicity) . 

References 

[DL12] Zeev Dvir and Shachar Lovett. Subspace evasive sets. STOC 2012 (to appear), 2012. 

12 



[GH85] Phillip Griffiths and Joe Harris. On the Noether-Lefschetz theorem and some remarks 
on codimension-two cycles. Math. Ann., 271(1):31-51, 1985. 

[GR08] V. Guruswami and A. Rudra. Explicit codes achieving list decoding capacity: Error- 
correction with optimal redundancy. Information Theory, IEEE Transactions on, 
54(1):135 -150, 2008. 

[Gurll] V. Guruswami. Linear-algebraic list decoding of folded reed-solomon codes. Computa- 
tional Complexity, Annual IEEE Conference on, 0:77-85, 2011. 

[Hei83] Joos Heintz. Definability and fast quantifier elimination in algebraically closed fields. 
Theor. Comput. Sci., 24:239-277, 1983. 

[Kol92] Janos Kollar. Trento examples. In Classification of irregular varieties (Trento, 1990), 
volume 1515 of Lecture Notes in Math., pages 136-139. Springer, Berlin, 1992. 

[KRS96] Janos Kollar, Lajos Ronyai, and Tibor Szabo. Norm-graphs and bipartite Turan num- 
bers. Combinatorica, 16(3):399-406, 1996. 

[Sha94] I. R. Shafarevich. Basic algebraic geometry. Springer- Verlag New York, Inc., New York, 
NY, USA, 1994. 

[Voi89] Claire Voisin. Sur une conjecture de Griffiths et Harris. In Algebraic curves and projec- 
tive geometry (Trento, 1988), volume 1389 of Lecture Notes in Math., pages 270-275. 
Springer, Berlin, 1989. 

[Voi03] Claire Voisin. Hodge theory and complex algebraic geometry. II, volume 77 of Cambridge 
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2003. Trans- 
lated from the French by Leila Schneps. 



13 



